SECOND EIGENVALUE OF THE YAMABE OPERATOR AND APPLICATIONS 



S. El SayeeQ 



f - ^ ■ Abstract. Let (M, g) be a compact Riemannian manifold of dimension n > 3. In this paper, we give 

' various properties of the eigenvalues of the Yamabe operator L g . In particular, we show how the second 

eigenvalue of L„ is related to the existence of noda.1 solutions of the enuation hr,ii = r.\n^ N ~ 2 

in 



O 
Q 

-i— > 
03 



eigenvalue of L g is related to the existence of nodal solutions of the equation L g u = e\u\ u, where 
£ = +1, 0, or -1. 
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1. Introduction 

This paper is part of a Phd thesis whose purpose is to study the relationships between the eigenvalues 
of the Yamabe operator, in particular their sign, and analytic, geometrical or topological properties of 
compact manifolds of dimension n > 3: 

Let (M,g) be a rt-dimensional compact Riemannian manifold (n > 3). The Yamabe operator or conformal 
Laplacian operator L g is defined by 

L g (u) := c n A g u + SgU, 

where A g is the Laplace-Beltrami operator, c n = an d Sg the scalar curvature of g. The Yamabe 

operator L g has discrete spectrum 

spec(L g ) = {Ai(g),A 2 (g),---}, 
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where the eigenvalues are such that 

AiCff) < X 2 (g) < X 3 (g) <■■■< X k (g) ► +00. 

The i— th eigenvalue Ai(<?) is characterized by 

, \ ft* VLgV dV„ , . 

Aifff) = inf sup ^ f-rA 1 

VeGr,(// 1 2 (M)) t , e y\ {0} J M V 2 d,V g 

where Gri(H±(M)) stands for the set of all i-dimensional subspaces of Hf(M). 

Our project is to understand what we can deduce from the sign of A^. Now, we summarize what is 
known about this question and explain our motivations. At first, it is straightforward to see that the 
sign of Xi(g) is the same as the sign of the Yamabe constant fi(M,g) of (M,g) (and as a consequence 
is conformally invariant). See Section |4] for more informations. Hence the positivity of Xi(g) has many 
consequences usually stated in terms of positivity of the Yamabe constant. For instance, we obtain 

Proposition 1.1. A compact manifold M of dimension n > 3 carries a metric with positive scalar 
curvature if and only if it carries a metric g such that X±(g) > 0. 

We recall that classifying such compact manifolds is a challenging open problem, only solved for n = 3 
using Perelman's techniques. We also mention |BD03j where M. Dahl and C. Bar deduce many topologi- 
cal properties of compact manifolds from a careful study of the eigenvalues A^ of the Yamabe operator L g . 



The sign of Ai can also be read in terms of existence or non-existence of positive solutions of the Yamabe 
equation: 

L g u = e\u\ N ~ 2 u, (2) 

where N := and e £ {— 1;0; 1}. Inspired by this observation, B. Ammann and E. Humbert AH06 
enlighted the role of A2 in the existence of nodal solutions (i.e. having a changing sign) of the Yamabe 
equation See again Section 0] for more explanations. 



In this paper, we establish various properties of the eigenvalues of the Yamabe operator. First of all, we 
extend their definition to what we call generalized metrics when possible (see Paragraph [5]) and prove 
that their sign is a conformal invariant (see Paragraph 13. 1| . This paper initiates the study of the re- 
lationships between these conformal invariants and the topology of the manifold by showing that their 
negativity is not topologically obstructed (see Paragraph s. 2p . These investigations will be treated much 
more deeply in |ESj . The main point of this article is to complete the results of B. Ammann and E. 
Humbert [AH06] and to study how the sign of the second eigenvalue of the Yamabe operator can be 
related to the existence of nodal solutions of the Yamabe equation ([2]), in particular when the Yamabe 
constant of (M, g) is negative. Our main result is to prove that under this condition, such a solution 
always exists with e = sign(X2(g)). This is the object of Theorem 14. II 

The author would like to thank Emmanuel Humbert for his support and encouragements. 



2. Eigenvalues in conformal metrics 

In the whole paper, we will deal with the behavior of the eigenvalues of the Yamabe operator in a fixed 
conformal class. It will be usefull to express their definition relatively to a fixed metric. This is the goal 
of this section. 
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2.1. Smooth metrics. Let {M,g) be a compact Riemannian manifold of dimension n > 3, we keep the 
notations of the introduction and for any metric g, we will denote by 

AiQsO < X 2 (g) < A 3 (flO < • • < A fc (g) > +00, 

the eigenvalues of the Yamabe operator. We will deal with the case where 3 is conformal to g, i.e. when 
g = u N ~ 2 g, where u is a positive function of class C°°. By referring to }AH06] . one sees that the i— th 
eigenvalue Xi(g) is given by 

w~N • f J M C n\ V \ 2 + S 9 v2 dv 9 ,„x 

X t (g) = ml sup — - r — N , (3) 

VeGri(Hf (M )) veV \{0} J M V U dv 9 

where g — u N ~~ 2 g; u <E C°°(M), u > and Gri(H 2 (M)) stands for the set of all i-dimensional subspaces 
of H 2 (M). 

2.2. Generalized metrics. Reducing to smooth metrics will too restrictive for our investigations. We 
will need to work with generalized metrics, i.e. metrics of the form g — u N ~ 2 g with u S L N (M), u > 
and u ^ 0. The Yamabe operator Lg has no meaning any more but the definition of Xi(g) can anyway be 
extended to this case by using ^ as it was done in [AH06] when the Yamabe constant was non-negative 
i.e. when Ai(g) > 0. When Ai(g) < 0, the situation is a little bit different: Xi(g) defined by © can be 
—00 as proved by the following proposition. 

Proposition 2.1. Assume that Xi(g) < 0, then there exists u 6 L N (M), u ^ 7 u > such that 
Ai(flO = —00, where g — u N ~ 2 g. 

This proposition will be proved in Paragraph l2.2.ll To make sure that Ai(<?) is finite, one has to assume 
in addition that u is positive. 

Proposition 2.2. Let u be a positive function in L N (M). Suppose that X\{g) < 0. Then, we have 

Xi(g) > -00. 

The proposition is proved in Paragraph s. 2. 21 

Notation 2.3. The i th eigenvalue of L g , Xi(g) = Xi(u N ~ 2 g) will be denoted by Xi(u) when there is no 
ambiguity about g. 

2.2.1. Proof of Provosition [K7[ We have Xi(g) < 0, this implies that there exists a function v € C°°(M) 
such that 

/ (Lgv)v dv g < 0. 

J M 

Let P be a point of M . For s > 0, we define r/ e as follows 

< T)e < 1, 

% = 0on B E (P), 
Ve = 1 on M\B 2E (P), 
|Vr? e |< |. 

where Bs(P) stands for the ball of center P and radius 5 in the metric g. Then one easily cheks 



e-s-0 



lim / {Lg{n e v)){n e v)dv g = (L g v)vdv g 



M JM 



We define w :— n £ v. Therefore, for a fixed small e > 0, we have 

(Lgiv)w dvg < 0. 
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Let u > 0, u ^ of class C°° with support in B e (P). For a > 0, since (w + a)u ^ 0, we can write 



Xx(g) = inf 



JaA L 9 v ') v ' dv 9 



< lim 



v' J M u N 2 v' 2 dv g 

j M (L g (w + a))(w + a) dv g 
->o+ J M u N ~ 2 (w + a) 2 dv g 



Moreover, we have 



and 



which gives that 



lim / (L g (w + a))(w + a) dv g = I (L g (w))w dv g < 0, 



M JM 



>0+ 



lim / u N ~ 2 (w + a) 2 dv g =0 



M 



r Im ( L 9 ( w + a ) ) ( w + a ) dv 9 
lim — .. „ . T7T-; = — OO. 



q^o J M u N ~ 2 (w + a) 2 dv g 
This ends the proof of Proposition 12. II 



2.2.2. Proof of Proposition \£7^ Let (v m ) m be a minimizing sequence for Ai(u), i.e. i> m £ H 2 (M) such 
that 

,. / M c "l Vt; ™l 2 + S g 7J m ,. . . , 

hm f j— r»r~9~9 — i = nm A OT = Ai(uJ < 0. 

m — >oo JvrM w m " w g m — >0 ° 

Since (|w m |) m is also a minimizing sequence for Xi(u), we can assume that v m > 0. We normalize v m by 

j"m\ u \ N ~ 2v ™, dv g = 1. Here we show that (v m ) m is bounded in H 2 (M). Indeed, suppose that {v m )m is 

not bounded in H 2 (M) and let 



m II w m ||fl|(Af) 

Wm)m is bounded in H 2 (M), and his norm is equal to 1, then there exists v' £ Hf(M), (after restriction 
to a subsequence) such that 

v' m ^v' infl?(M), 



* u' in L 2 (M). 



We have 

Moreover, 

since 

It follows that 

and since u is positive, 
Now, we write 

We deduce that 



\Vv' m \ dv g + I Sgv'^dvg = \ rn / \u\ N 2 v'£dv g 



M JM JM 



\u\ 2 v' 2 dv g < / \u\ 2 v'^ dVg -► m _ ) . 0o 
M JM 



\ v m\\ H : 



M 



l(M) 



|lt| V dv g = U 



77' = 0. 



1 = / |Vv„| 2 dvg + / |i4| 2 dw 3 

JM JM 



lim / |Vt/J 2 dv g = 1, 
M 
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giving the desired contradiction: 



A I 



M 



°n I Nv' m \ z dv g + I Sgv'^dVg = A ro I \u\ N 2 vlldv g <0 



At 



>1 >0 

r2 



This proves that (v m ) m is bounded in H 2 (M), and implies that A m > C. We finally get Xi(g) > — oo. 
2.3. PDE associated to Aj. 

Proposition 2.4. For any non-negative function u G L N (M), such that \%(u) > — oo, there exists 
functions v\ > 0, V2, • ■ ■ , Vk € H 2 (M) having a changing sign, such that in the sense of distributions, we 
have 

LgVi = \i(u)\u\ N ~ 2 vi, 

and 

L g v k = \ k (u)\u\ N ~ 2 v k . 

Moreover, we can normalize the v k by 



\u\ N 2 v k dv g = 1 and I |u| iv z ViVj dv g = Vi ^ j. 



A I 



N-2„ 



A I 



Proof: Let (v m ) m be a minimizing sequence for Ai(u), i.e. v m £ H 2 (M) such that 

Ai(u). 



lim ^J c ^ Vv ^\ 2+S 9 v li dv g 



III >OC 



J M \U\^VI dVg 

According to the Paragraph 12.2.21 we get that (v m ) m is bounded in H 2 (M) and there exists v > in 
Hf(M) such that v m converges to v weakly in H 2 (M) and strongly in L 2 (M) (after restriction to a 
subsequence). We now want to prove 



\u\ N ~ 2 v 2 dvg = lim / \u\ N -*v'f n dv g = l 



A I 



i a > oo 



iJV— 2„. 2 



(4) 



A I 



If u is smooth, this relation is clear. So let us assume that u £ L Ar (M), let A be a large real number and 
set ua = inf {it, A} . By Holder inequality, we write 



A I 



u N - 2 (v 2 m - v 2 ) dv t 



A I 



■*- 2 u»- 2 +ur 2 )K-v 2 )dvg 



< 

Iai 

< A N - 2 



u — u 

V 2 m ~V 2 \dVg+ I {U N - 2 -U N A --')(\V m \ + \v\YdVg 



jV-2| 2 
A 



A I 



Ha -V 2 \dv g 



A I 



+ ( / (u N - 2 ~U N A - 2 )^dVg 



A I 



{\v m \ + \V\) N dVg 



A I 



(v m )m is bounded in H 2 (M), it is bounded in L (M). Hence there exists a constant C such that 



(\v m \ + \v\) dvg < C 



A I 



The convergence in L 2 (M) gives 
By dominated convergence theorem, we have 



lim 

m >oo 



\v 2 m -V 2 \ dVg = 0. 



M 



lim 

A — >oo 



(u N -' z -u N i - 2 )^ dv a =0. 



AI 
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Hence, we get (g]). Since 

lim / (\7v m ,\7ip) dv g — / (Vt!,V<p) dv. 
m Jm Jm 



and 



lim / S g v m ip dv g = / SgVip dv g 
I m Jm 



lim / \u\ N 2 v m tp dv q ~ / \u\ N 2 vip dv„, 
m Jm Jm 



(by strong convergence in L 2 (M)), we obtain that in the sense of distributions v verifies 

L g v = Ai^M^-V 

Now we define 

X' k (u) = inf 



J M C n \Vv k \ 2 + Sgvl dVg 



wH ^Wo Im\ u \ N - 2 \^\ 2 dv g 

J M \u\ N - 2 ViV k dv g =0Vi<k 

we remark that X' k (u) ~ \k{u) and Vk is constructed by induction using the same method. This ends the 
proof of Proposition ^. 41 □ 



3. Sign of A j; 
3.1. The sign of A^ is conformally invariant. 

Proposition 3.1. The sign of Xi is independent of the metric selected in the conformal class. More 
precisely, for any conformal metric g where u is a non-negative function in L N {M), Xi(u) and 

Aj(l) have same sign. 

Proof: We assume for example that Xi(u) = and A^(l) > 0, we know that 



Xi(u) = inf sup 



f M L g (X 1 ui H h \iUi)(\iU\ H h XiUi) dvg 



A!,...,Aj Jm(^ iUiH hA^) 2 ^ 2 dv g 

and 



A.;(l) = inf sup 



J M LglXxU! H h AiMi)(Aiwi H h Xim) dv g 



ui,-,ui a 1: ...,a, J M (XiUi H h XiUi) 2 dvg 

Suppose that Xi{u) is attained by v\, . . . ,Vi. Since denominators of this expressions are positive, then 



So 



sup / L g (XiVi H h XiVi)(XiVi H h X l v l ) dv g = 0. 

Ai,— a. Jm 



J M L g (Xivi H h Ai«i)(Ai«i H h XiVi) dv g 



Ai(l) < sup j^— — — = 0, 

Ai,...,Ai Jm( a i w i h h AjUjJ^u^ ^ dvg 

which gives a contradiction. The remaining cases are treated similarly. 

3.2. The negativity of Afc is not topologically obstructed. In this paragraph, we will see that on 
each manifold, there exists a metric which has a negative fc tft, -eigenvalue. 

Proposition 3.2. On any compact Riemannian manifold M, and for all k > 1 there exists a metric g 
such that 

X k (g) < 0. 
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Proof: Let M be a compact Riemannian manifold of dimension n, and we take k spheres of dimension 
n = dim(M). We equip each sphere S™ by the same metric g, such that fi(g) < 0. We can do this by 
referring to [Aub98j (Th eorem [1] page 38). Let P £ M, since /i(g) < 0, for all e, S > we can find a 
function u supported in §> n \B e (P) such that 



f M C n\^ U \ 2+S 9 u2 dv 9 



< -s. 



I M U2 dv 9 

Indeed, let r\ e be a smooth cut-off function such that < ry £ < 1, r/ e (B £ (P)) = 0, ri e (§> n \B2 e (P)) = 1, 
|Vf7 e |< | and a function v satisfying 

I g (v) = — ' ' , g < -25. 

hi V dv 9 

Note that the existence of v is given by the fact that n{g) < 0. The desired function u will be given by 
rj e v, where e > is sufficiently small. Indeed, it suffices to notice that, as easily checked, 

lim o I g (r) s v) = I g (v). 

Let Pi , • ■ • , Pfc be points of M. We consider the following connected sum 

M' = M#(§™)!#... #(§")*, 

where the (S")j are attached at P on the spheres S n and at Pi on M so that the handles are attached in 
B e (P) and B £ (Pi). Note that M' is diffeomorphic to M. Moreover, the above construction allows to see 
(S n )i\B e (Pi) as a part of M'. 
We take on M' any metric h satisfying 

h\(S»)i\B e (Pi) = 9- 

On M', we define the following function 

u on {S n )i\B e {Pi) 

otherwise. 
Since the Ui have disjoint supports, we get 



Afc(l) < sup 



J M , L g (Xiui H h AfcU fe )(Aiui H h A fe u fc ) dw h 



Ai,...,A fc Jm'(^i m i !" ^fc""fc) 2 dv h 



< sup 



IM' 

! \ 1 ' 



{X\ + ■ . ■ + A|) J M (L g u)u dv g 

\2 , , 



Ai,...,A» (A? + ..- + A2)/ M u2 

< J M ( L 9 U ) U dv a _ 6 
Im u2 dv a 

4. Nodal solutions of the Yamabe equations 

A famous problem in Riemannian geometry is the Yamabe problem, solved between 1960 and 1984 by 
Yamabe, Trudinger, Aubin and Schoen, |Yam601 ITru681 IAub761 ISch84j . The reader can also refer to 
[LP871 IHeb971 IAub98j . The Yamabe problem consists in finding a metric g conformal to g such that 
the scalar curvature Sg of g is constant. Solving this problem is equivalent to finding a positive smooth 
function and a number Co € 1 such that 

|iV-2„ 



L g (u) = C a \u\"- z u, (5) 

I t i /~it" in or ~t r\ nntoin onlnf ii 

n-2 ' 



where N = -^W . In order to obtain solutions of the Yamabe equation we define the Yamabe invariant by 



KM,g):= inf Y(u), 
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where 

= J M c n \\7u\ 2 +S g u 2 dv g 

(LM N dv g f 

The works of Yamabc, Triidinger, Aubin and Schoen provides a positive smooth minimizer u of Y, 
satisfying, if normalized by ||u||ljv( M ) = 1, 

L g u = fM(M,g)\u\ N - 2 u. 

The metric g = u N ~ 2 g is the desired metric: its scalar curvature is constant equal to /j,(M,g). If we set 
u' = [i(M 1 g)^~u, we obtain a positive solution of 

L g u' = e\u'\ N - 2 u' 

where e — sign (/i(M,g)) — sign(Ai(g)). 

Now, if fj,(M,g) > 0, it is easy to chek that 

/i(M, g) = jnf Ai (g)vol(M, g)$, 

where [g] is the conformal class of g and Ai is the first eigenvalue of the Yamabe operator L g . Inspired 
by this approach, in their paper [AEI06 , B. Ammann et E. Humbert introduced the second Yamabe 
invariant defined by 

IMi(M,g) = miX 2 (g)vol(M,g)% 

9 

= ini\ 2 {u N - 2 g) ( [ u N dv q 
\Jm 

They studied this invariant in the case where /i(M,g) > 0, and they proved that [i 2 is attained by a 
generalized metric, (i.e. a metric of the form u N - 2 g where u € L N (M), u > which may vanish), in the 
following two cases 

• n(M,g) > 0, (M,g) is not locally conformally flat and n > 11. 

• fi(M.g) — 0, (M,g) is not locally conformally flat and n > 9. 

In this context, they proved that u is the absolute value of a changing sign function w of class C 3,Q (M), 
which verifies the following equation 

L g w — fi 2 (M, g)\w\ N ~ 2 w. 

Many works are devoted to the study of this kind of solutions, for example [AH06j . |DJ02j . [Hol99 , 
[HV94] . |Vet07] . See also |BB10] for an analogue study for the Paneitz-Branson operator. Setting again 
w' = (i 2 (M,g) Ii ^w, we obtain a solution of 

L g w' = e\w'\ N - 2 w' 

with e = 1 = sign (/i2(M,g)) = sign (\ 2 (g)). The goal of this section is to study if this result extends 
to metrics where the sign of X 2 (g) is arbitrary. 

The answer is yes when A2 < without any other condition, we obtain this result by a method different 
than the one of [AH 06 . Notice that this situation occurs for a large number of metrics (see Proposition 
13. 2j) . When A2 > 0, we show that the methods in AH06j can be extended to the case where n(M, g) < 0. 
Namely, the main result of this paper is: 

Theorem 4.1. Let (M,g) be a compact Riemannian manifold of dimension n > 3 whose Yamabe in- 
variant f/,(M,g) is strictly negative, we denote by X 2 the second eigenvalue of L g . Then, if X 2 < or if 
X 2 > 0, (M,g) not locally conformally flat and n > 6: 
There exists a function w changing sign, solution of the equation 

L g w = e\w\ N ~ 2 w, 
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where e = +1 if X 2 > 0, s = -1 if X 2 < and e = if X 2 = 0. Moreover, w G C 3 ' Q (M) 7 /or a < AT -2. 

is cas 

solution w of i 9 u = = e M^ -2 v where e = = sign (X 2 (g)). 



4.1. The case X 2 = 0. This case is obvious: indeed, Proposition 12.41 provides the existence of a nodal 



4.2. The case X 2 > 0. As in [AH06] . we introduce the second Yamabe invariant given by 

ta{M,g) = mi\ 2 (g)vol(M,g)% 

9 

inf X 2 {u) ( / u N dv g 



u>0 



M 



By Proposition 14.21 below, the problem reduces to finding a minimizer of /j, 2 (M,g). The case where 
fi(M,g) > have been treated in AHQ6]. We will then focus on the case where fi(M,g) < (i.e. 
Xi(g) < 0). We will see that the method of Ammann and Humbert remains valid in this case and the 
following three propositions answer our questions. 

Proposition 4.2. Let (M,g) be a compact Riemannian manifold of dimension n > 3, such that X 2 > 0. 
If 

IMt{M,g) </x(§ n ), (6) 

with /i(S n ) = n(n — l)u)fi , where u n stands for the volume of the standard sphere S n , then the second 
Yamabe invariant is attained by a non-negative function u e L N (M) that we normalize by f M u N dv g = 1. 
There exists a function w having a changing sign which verifies in the sense of distributions the following 
equation 

L g w = ^ 2 (M,g)\u\ N - 2 w. (7) 
The functions u and w will be normalized by 

u N dv g = 1, / u N - 2 w 2 dv g = 1. 
M JM 

Proposition 4.3. The two functions u and w given by Proposition ^. 6 ^ satisfy 

u = \w\. 

Finally, we give a condition under which assumption is satisfied: 

Proposition 4.4. Let (M, g) be a compact Riemannian manifold of dimension n > 6, suppose that M 
is not locally conformally flat and his Yamabe invariant fj,(M,g) < 0, then 

M2 (M, 5 )</x(§"). 

4.2.1. Proof of Proposition \4-2\ The case where n(M,g) > is done in |AH06j . hence we consider here 
the case where /i(M, g) < 0. By the solution of the Yamabe problem, we can assume without loss of 
generality, that S g = — 1. Let (u m ) m be a minimizing sequence for [j, 2 (M,g), i.e., u m is positive, smooth 
and 

lim X 2 (u m ) ( u^dvg) =fx 2 (M,g). 
m— >oo \J M J 

The sequence (u m ) m will be choosen such that f M dv g = 1, hence fi 2 (M,g) = lim m >oa X 2 (u m ). For 

each u m , Proposition 12.41 provides the existence of a function w m S H 2 (M) such that 

L g w m = X 2 {u m )\u m \ N ~ 2 w m . (8) 



Moreover, the sequence (w m ) m can be normalized by 

\u m \ N ~ 2 w 2 m dv g 



A I 
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Since J M u^dVg = 1, (u m ) m is bounded in L N (M) which is a reflexive space, there exists u £ L N (M) 
such that u m converges weakly to u in L N (A1), we have 

u rn -± u in L N (M). 

• The sequence {w m ) m is bounded in H 2 (M). 

We proceed by contradiction and assume that |k m ||jy2( M -) — > oo. Let 



wL 



\\Wrn\\Hl(M) 

\\w' m \\Hl(M) = 1) hence (w' m ) m is bounded in H 2 (M). Since Hf(M) is a reflexive space, this implies using 
Kondrakov and Banach-Alaoglu theorems, that there exists a subsequence (w' m )m and w' G H 2 {M) such 
that 

and 

w m — ► u/ in L 2 (Af). 

Equation ([8]) is linear, so w' m satisfies 

L g w 'm = ^(«m) \u m \ N ~ 2 U)' m . 

Hence for all ip S C°°(M), we have: 

c„ / (Vw' m , Vtp) dv g + / S g w' m ipdv g = / A 2 (u m ) Iwml^ -2 w' m tpdv g . 

JM JM JM 

Since w' m w' in H 2 (M) and u> i — >• (Vw, V(/?) is a linear form on H 2 (M), then 

(Vw m , V^) dv g — > c„ / (Vw', Vy>) cfo g . 
The sequence u;^ converges strongly to w' in L 2 (M). This gives that 

SgW' m LpdVy > I SgW'lfdVg. 

JM 

Using Holder inequality, we obtain that J M \u m \ N ~ 2 w' m ip dv g — > 0. Indeed, 



/ \u m \ 2 w' m ipdv g 

JM 



Then 



/ N-2 N-2 

< IML / \ U ™\ 2 km I \ U ™\ 2 dv g 

JM 

< IML — I, I, — (/k»l**>,) (vo^g) 1 - 

< IML n iT ( vol ( M < 6))* -^«+°c °- 

1 1 w m || if 2 (M ) 

C„ / (VW',V|^) dVg + / SgW'(fidVg=0 } 



M JM 



which means that in the sense of distributions, we have 

L g w' = 0. 

Since Ai(l) < and A2(l) is positive, ^ Sp(L g ). It follows that w' — 0. Now, we also have 

2/2 / TV 2 2 

CnlVW^I (fog + / SgW' m dVg = \ 2 {U m ) / | U m _ Z« m Cfog , 



M JM 
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with 



and 



Hence 



, , / iJV-2 / 2 , A2(w m ) 
M(Um) I \u m \ W m dv g = -2 



M ' "' ' \\w m \\ H 



l(M) 



SnW' 2 dVn > / SnW' 2 dv o = 0. 



gUJ rn U,Ug 7 I iJgUJ U, U g 

M JM 



M 



|Vuv| 2 dvg 



Finally, we get that 



\\ W 'm\\H?(M) = 1 = / l Vw m| 2 dv 9 + / w '™ dv g ► 0, 

JM JM 



IM JM 

which gives the desired contradiction. We obtain that (w m )m is a bounded sequence in Hf(Al). Then 
there exists w G H^(M) such that: 

w m w in Hf(M), 
w, m — > w in L 2 (M). 
It follows that in the sense of distributions, we have 

L g w — fJ,%(M, g) l^l^" 2 w. 
It remains to show that w changes sign and is different from zero. 

• Suppose that w does not change sign. Without loss of generality, we can assume that w > 0. In 
the sense of distributions, we have 

c n A g w + S g w = n 2 (M,g) \u\ N ~ 2 w. (9) 

It was already mentioned at the beginning of this section that we can assume that S g < 0, because 
n(M,g) < 0. Integrating ([9]) over M, we get: 

C n AgW dVg + / SgW dV g = (U 2 (M, g) / | U \ ^ _ 2 W dVg . 

M JM JM 



=0 <0 >0 

This gives a contradiction unless w = which is prohibited by what follows. 

• Assume that w — 0. By referring to |Heb97j and |Aub76j we have the following theorem: 

If (M,g) is a Riemannian manifold of dimension n > 3, for all e > 0, there exists B t such that for any 

u e Hl(M), we have 

u N »J„. \ ^ f..fs<n\—l i ( I „ iv7„,l 2 j„. 'i > I .,- 

\Jm 

We obtain 



|«| dv a < (P($ n ) + e) / Cn |Vu| z dvg + B e u 2 dv ( 

M J \JM JM 



Vw m | 2 dvg + Sg / w^dvg = jU 2 {M , g) \ \u m \ N 2 w 2 m dv g 

M JM JM 



(j,2(M,g) ( I \u m \ N dvgj yj \w m \ N dvc 



< n 2 (M,g)(ji(Sr i )- l + e)[ c n \Vw m \ z dv g + B e w' m dv g 

s « ' \JM JM 

<l(if e is small enough) 
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Hence 

Cn [1 - M 2 (M, 3 )(^(§")- 1 + e)] f |Vw m | 2 dv g <c [ w 2 m dv g , 

„ 'JM JM 



>0 




— >a 

then J M Vu> m | 2 dv g — > 0, so \\w m \\h 2 (M) — * 0- This shows that w m — > in H 2 {M). 
We finally get that 

1 = / \u m \ N ~ 2 w 2 m dv g < / \u m \ N dv g I 

JM \Jm J 

This gives a contradiction, then w =/= 0. 
4.2.2. Proof of Proposition ^ ■ ■?[ Since A 2 (g) > 0, then 

Hi{M,g) = inf X 2 (u) ( f u N dv g ) " = inf Aa(«) f / u N dv g 

We mimic the proof of Lemma 3.3 in |AH06| by taking Wi = w + = sup {0, w} and w-i — w_ = sup {0, — w}. 
This gives that 

u = aw+ + bw- , 

where a, b > 0. By Lemma 3.1, w e C 2 a , u e C°' a and Step 4 of the proof of Theorem 3.4 in }AH06j 
then shows that 

u = \w\. 

Since w is in Hf(M), Lemma 3.1 of [AH06 says that w £ L N+£ (M), because w satisfies the equation 

L g w = fi 2 \w\ N ~ 2 w, 

and standard bootstrap arguments gives that w S C 3: "(M) for all a < N — 2. 



4.2.3. Proof of Proposition \4-4\ in this paragraph, we will see that if M is not locally conformally flat of 
dimension n > 6, then we obtain that 

M2 (M )5 )< M (S™). 

We still consider the case where fj,(M,g) < 0. Then there exists a positive function v solution of the 
Yamabe equation 

L g v = l i{M,g)v N - 1 . (10) 

Let Xq be a point of M at which the Weyl tensor is not zero (such a point exists because the manifold 
is not locally conformally flat and n > 4) and (xi, ■ . . , x n ) be a system of normal coordinates at xq. For 
x G M, denote by r — d(x, xq) the distance to the point xq. If S is a small fixed number, let rj be a cut-off 
function of class C°° defined by 

< r\ < 1, 
77 = 1 on B{(xq), 
= on M\S 2 «(x ), 
|V»?|<|. 

For all e > we define the following function 

v € = c t rj(e + r ) 2 ; 

where c f is choosen such that 

uf dv s = 1. 

M 
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By referring to |Aub76] 



lim Y(v e ) = M1 (S"), 

e s-0 



where Y(u) is the Yamabe functional defined by 



Y(u) 



f M c n \\7u\ 2 +S g u 2 dv g 
(Im uN dv a f 



If (M, g) is not locally conformally flat, by a calculation made in |Aub76j . there exists a constant C(M) > 
such that 

m(S n ) ~C{M)e 2 +o(e 2 ) 



Y(v c ) 



if n > 6 



m(S n ) - C(M)e 2 \ ln(e)| + o(e 2 | ln(e)|) if n = 6. 
Again from jAub76j there exists constants a, 6, Ci, C2 > 0, such that 

as 4 < c e < be 4 , 

and 

Cia Pte < / vldv g <C 2 u p ,e 
Jm 

where 

2„-(„-2)p 

■5 J if P>7T L 2' 



ln(e)|e2 if 

if P<^2 



(n-2)p 

£ 4 



We have 



M 2 (M, 5 ) = inf X 2 (u) / w iv dw. 



M 



■ f , f M L g (\w + [j,w'){\w + fiw')dvg 
inf sup Aw + ijlw'). 



A 2 + M 2 = l 



F(w e , A e V + fl e V e ) — SUP F(« e , \v + /IVe) , 

(A :M )GR 2 \{(0,0)} 



u N dv, 



Let A e , /ji e such that 
and 



where v is the function defined in the equation (|10p . 
Calculating F(i> e , A £ v + /i e f e ), we get 



J M Lg(X e V + fi e v e )(X e v + ^ e v e ) dvg 
Jm v?~ 2 {\ e v + HeV e ) 2 dvg 



dv, 



X 2 fi(M, g) + n 2 Y(v e ) + 2A eAteM (M, g) J v N ~ 1 v e dv 



A 2 J M v?~ 2 v 2 dvg + m 2 + 2A eMe / M dv. 



B, 



(11) 



(12) 
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If 

then 

F(« e , A e w + fi £ v £ ) — > - < /x(S ). 

M 

Similarly, if /z = 0, A 2 = 1, then the numerator A e ~ /j,(M,g) < 0, while the denominator £> e remains 
positive, which gives again that 

F(v £ ,\ E V + [ieVe) < < /i(S"), 

which gives the desired inequality. Then, in the sequel, we assume that A e — > and fj, e — > ±1. 
The case n > 6 
Using (|12[) we have 

JV — 1 7 /~l "~ 2 

w 

v^~ 2 v 2 dvg ~ e -^o Ce, 

M 



and 



1 vdv g ~ e _).o Ce 4 

M 



where C denotes a constant that might change its value from line to line. We distinguish two cases 

• there exists a constant C > such that 

\K\<Ce^, (13) 

or 

• there exists a e such that 

|A e | = a £ e^, (14) 

and 

a e — > +oo. 

(possibly extracting a subsequence). 

(1) Suppose first that ([T^]) is verified. Then we have 

| A. | < Ce^. 

Hence A 2 = O(e^), so \i\ = 1 - A 2 = 1 + 0{e s r). Therefore 

fi E = l + 0(e^). 

This gives 

A e = 0(e^) + (l + 0(£^))^(S n )-C{M)e 2 + o{e 2 ))+0(e^) 
= fi(§ n ) -C{M)e 2 +0{e^) + o(e 2 ). 



n—2 

2 i „/Jl\ 



Since 2=± > 2 



A e = /!(§") - C(M)e 2 + o(e 2 ), 
and 

B e = 0{e^ +1 ) + 1 + O(e^) + O(e^) = 1 + o{e 2 ). 

Then, 

^ = M (§") - C{M)e 2 + o{e 2 ) < //($"). 



SECOND EIGENVALUE OF THE YAMABE OPERATOR AND APPLICATIONS 



15 



(2) Assume now that (|14l) is fulfilled. In this case 

A* X 2 £ ^(M, g) + (1 - X 2 £ )Y(v £ ) + X £ Q(e^) 

Be XlO(e) + (l-X 2 £ ) + 2\e f ieO(e^) 

X 2 £ ^M,g) + {l-X 2 £ )Y{v £ ) + o{X 2 £ ) 
(A|) + (l-A?) + (Ai) 



X 2 MM,g) Y(v £ ) 



l-X 2 + o(X 2 ) 1 + 2^1 

Me 



JV+o(Xi) 



< (J,(M, g)X 2 £ + M (S")(1 + o(A 2 )) + o(A 2 ) 

< ^S n )+^M, g )X 2 +o(X 2 £ ) 

< M(S n ), 

because n(M,g) < and Y(v £ ) < /x(S n ). 

The case n = 6 
Since 



/ vf- 2 v 2 dv g 


^e^O 


Ce, 


IM 






I v N ~ 1 v e dv g 


^e^O 


Ce, 








1 v e ~ 1 vdv g 


^e^O 


Ce, 


J M 







then 

A £ = X 2 et x{M, g) + fi 2 £ Y(v £ ) + 2X £ ^ £ 0(e), 
Be = X 2 0(e) + fi 2 + 2X £t i £ 0(e). 

Again, we have two cases to study 
(1) If |A £ |< Ce, then 



This implies 

and 

Hence 



X 2 £ < Ce 2 . 

~2|i„/_\| i „/_2i 



A £ = fi(S n ) - Ce 2 |ln(e)|+o(e 2 |ki(e)|) 
B £ = 1 + Q(e 2 ) = l + o(e 2 |ln(e)|). 



(2) If |A e |= a e e, with a e — > +oo. Since Y(v e ) < /•*(§"), therefore 

A e = a 2 £ e 2 ^(M,g) + ti 2 £ ^S n ) + o(a 2 e 2 ), 



and 

Therefore 



B £ = /i 2 + o(a 2 e 2 ). 

B £ W ,9, 1 + o(l) 1 + o(a 2 £ e 2 ) 1 + o(l) 

= fi(M, g)a 2 £ e 2 + /i(§") + o{a 2 e 2 ) 
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This ends the proof of Propositon 14.41 □ 
So we get a solution w having a changing sign of the equation 

L g w — fi2\w\ N ~ 2 w. 

Finally, to obtain the resultat announced in Theorem 14. 1[ it suffices to set 

n-2 

w' = fi^~w, 

then w' verifies 

L g w' = e\w'\ N - 2 w', 

with e = 1 = sign(A2(g)). 

5. The case A 2 < 

In this section, we will show that in all cases, there exists a nodal solution of the equation 

L g w = Cq\w\ n ~ 2 w : 

where Co is a negative constant. 

First, since \x < 0, we assume in the whole section that the metric g is such that S g = — 1. In this context, 
the approach will be different. Indeed, the second Yamabe invariant is not well defined as shown in the 
following proposition: 

Proposition 5.1. Let M be a compact Riemannian manifold of dimension n > 3. Suppose that A2 < 0, 
then 

' N 

UVg 

M 



inf \2{u) I u dv g I = — 00 



The proof will be detailed in Subsection 15.0.51 
We will use a new functional 



1+2 



J / u ) _ {Im\ L 9 U \^ 2 dv i 

9 \I M uL 9 udv a\ 

In 

We study a := inf I g (u) where the infimum is taken over the functions u € -ff 2 ™ +2 (M) such that 



uLgU dv g < 0, 



and with the following constraint 

/ v dv g = 0, 

Jm 

for any function v £ ker L g . 



We will show that a is a conformal invariant. We obtain also that the infimum of this functional is 
attained by a function u. We set 

V = \LgU\^ LgU, 

and wc will observe that v has the following properties: 

• v is a solution of the equation 

LgV = a'\v\ N ~ 2 v, 

where a' < (i.e. has same sign than A2). 

• v has a changing sign. 

• v is of class C 3 < Q (M) (a < N - 2). 
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5.0.4. Conformal invariance of a. Let g — tp n - 2 g be a conformal metric, <p a smooth positive function. 
Then 

(IVg — if"- 2 d,Vg, 

and 

for all functions u. 

(1) Remark that Ig(u) = I g (uip). 



_ 71+2 

LgU = tfl ^ 2 Lg{Uip), 



i+2 



where we have used 



(l M \ L 9 u \"+ 2 dv a) 
\J M uLgU dvg\ 

\J M Ulf-^ 2 Lg{uif)ip^ dVg\ 
71+2 

(l M \ L 9( ul P)\^ dv g) 
\I M ul P L 9( ul P) dv g\ 

f _ n + 2 2 71 

uLgU dv-g = / ucp ™- 2 L g (u(p)<p"- 2 dvg 

\ i JM 

(u(p)Lg(utfi) dVg. 

M 



(2) Assume that for any v G ker Lg, we have 



N ~ 2 -- dv~ n = 0. 



\u\ uv 

M 



Then, for any v' S kerL„, we obtain 



\wp\ N - 2 {wp)v' dvg = / H^u^V 1 ) d Vg = 0, 



9 

M JM 

since 

Lg(t;V- 1 )=^-^L g («')=0, 

i.e. 

v'tp^ 1 £ KerLg. 



5.0.5. Proof of Provosition HOI Assume that A2Q?) < 0, and choose u > 0. 

By Lemma l2.4[ there exists two functions v\ and V2 solutions of the following equations 

LgVi = Ai(m)|w| w_2 ui, 

and 

such that 

/ M^Vtfc ^g = 0. 
JM 

Let w e the function defined in Section l4~2l and let V = {v-y, V2] ■ For all v S V, we get 

lim / u^- V du g = 0. 



E >0 



□ 



,1/ 
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Since Xi(u) < and A 2 (u) < 0, then for e sufficiently small, we have 

,. ( J M ( L 9 V )( V ) dv g \ 

hm sup — „ „ = -oo, 



hence 



6— ¥0 \ U 



lim I inf \z(u) ( / u N dv g I I = — oo. 



M 



□ 



5.0.6. The infimum of the functional I g is attained. Let (u m ) m be a minimizing sequence, i.e., 



lim I„{u m ) = a, 

TCI >OQ 



with 

/ l^ml^ -2 u m v dv g = 0, Vn6 kcri g . 
Jm 

We can assume that 

/ ^m-^g^m ™ u g 
JM 

Then 



u m L g u m dvg = -f . (15) 



m ^oo 



(i = lim I / \L g u m \»+ 2 dv g 



M 



Now we show that (u m ) m is a bounded sequence in if 2 " +2 (-^0- 

We proceed by contradiction and we assume that, up to a subsequence, lim ||u m || = +oo. Let 

Hf^(M) 



\\u m \\ Jfe 

In 

Since ||w m || -2-2, = 1, {v m )m is a bounded sequence in _ff 2 " +2 (M), and therefore there exists v G 

(M) 

i? 2 ™ +2 (-^0 such that after restriction to a subsequence 

v m -^v in H^(M), 
v m — >■ v in L 2 (M). 

By standard arguments, we get 



n + 2 

^ \L g v\^ dvg^j < liminf ^ |L 9 u m |^ cfo g 



This gives 
hence 

We have for all function v' G ker L 



L s w = 0, 



v G kerig. 



9' 

f \v \ N - 2 v v'dv - / " |M '" rV dVs -0 

/ |%| %« au g — nJV-1 ~ 



In particular for v' = u, 

/ \v m \ N ~ 2 V m V dv g = > m ^oo / v N dVg, 

Jm Jm 
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SO 



v = 0. 



(16) 



According to the regularity Theorem 3.75 in [Aub98 , we have 



i = IKH j- <c 



\L„v, 



Passing to the limit, we obtain 



w „+2 dv g > -, 

M 



which gives a contradiction. We deduce that (u m ) m is a bounded sequence in if 2 " +2 (M). Then, after 
restriction to a subsequence, there exists u in i? 2 ™ +2 (M) such that 

In 

u m ^u\VL ff 2 ™+ 2 (M), 
u m u in i?i(M), 



Further, we have 



Moreover, 



M 



\LgU\ n + 2 dVg 



u m — ¥ u in L 2 (M). 



< liminf ( / |L s u m |™+ 2 du s 



a/ 



mL 9 m du s = / |Vu| dv g — 



u 2 dv„ 



< liminf / |Vu m | 2 dv g 
m Jm 



m 



u m dv g 



= liminf / u m L g u m dv g = — 1. 

M 



Therefore 
and 

Finally, with ([T7|l 



ULgU dvg < 0, 



M 



u ^ 0. 



I a {u) = 



(/iJ-M"" 2 dv i 

\j M ULgU dVg\ 

(f M \LgU m \& s dv g 



< lim inf 



m \Im u mL g u m dv g \ 

Hence the result is proved i.e. I g {u) = a. 
Eulcr equation 
Notice that 



liminf I g (u m ) = a. 



iJV-2 



u v dvg = 0, for any function v S ker L g 



In particular, a^O. Remark also that 



ULgU dVg 



(17) 
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Indeed, the relation J M uL g u dv g < — 1 would imply that I g {u) < \iml g (u m ) — a. We now write Euler 
equation of u. Let . . . ,uj~} be a base of kerL g . By the Lagrange multipliers theorem, there exists 
real numbers Ai , . . . , Afc for which, for all function ip £ C°° (M) , we get 

d . d . 

-j7\t=oIg{u + tip) = T.iXi — lt^og^u + tip), 

where 



gi(u) = I \u\ N 2 u Ui dv g . 
Jm 



n + 2 

Setting a — I § M \L g u\™+5 dv g \ , one checks 



2a™+ 2 / \L g u\ n + 2 L g uL g ip dv g + 2a / ipL g u dv g = (N — l)£iA$ / |u| ip Ui dv g . 
Jm Jm Jm 

If ip £ kerL g , this last equation implies that 



£;Ai / \u\ N 2 ip Ui dv g = 0. 
' M 



Then, for ip = E^Aj u, G kevL g , we have 



ul^ 2 <^ 2 dv g = 0. 



9 

A/ 



Therefore 

\u\ N - 2 ^ 2 = Q \u\ N ~ 2 ^ = 

=> Sj Ai M w - 2 «i = 0. 
This gives, for any function ip (in kerL ff or not), that 

SiAi / |u| w_2 (£> m dv g = 0. 

J M 

Then u verihes in the sense of distributions the following equation 



where 



i fl ( |£ g u| -+ 2 L 9 w ) = a'Lgtt, (18) 



We set 

" ' ' ' "1.,, 



V = \L g u\^L g u £ L N (M), 



then 
Hence, 



\V\= iLgUj 1 " + 2 = |LgW|™ + 2 . 



I AT— 2 

"9 C ~ 



Replacing each term by its value in Equation (I18[) . we obtain 

L g v =a'\v\ N - 2 v. 

Regularity of v 

We have u 6 i? 2 n+2 (M), then L s w G L^(M). Therefore 

w e L N (M), 

since M JV = lioMl"^ 2 . Moreover, in the sense of distributions 



v 9 

this implies that 



L g v = a'\v\ N - 2 v, (19) 



\L g v\= \a'\\v\ N ~\ 
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hence L g v eI"(M)= L^{M), therefore v e (M) C Hf(M). 

Using Lemma 3.1 of [AH06] . we get 

v £ L N+£ (M), 

By a standard bootstrap argument, we show that v e C 3:U (M)(a < N — 2). 
Calculating now I g (v), using (fT§|) . we have 



n+2 

(l M \ L 9^ dVg) * 

\J M VLgV dVg\ 

a n (/^H^-D^dr,,)" 
\a>\f M \v\» dv g 

n + 2 



3 

= a™+ 2 



JmM"" 2 dv 9 



= an+2 I \L g u\n+* do t 

\JM 

n 2 
= Q, n + 2 Q, n + 2 = a 

The function v satisfies that, for any function v' € kerZ s , 

/ \v\ N - 2 vv' dv g = 0. 
iikf 

Indeed, 



\v\ 2 v v' dv g = / L g u v' dv g 



M JM 



U LgV' dVg 

M 
= 0. 

• v has changing sign 

We proceed by contradiction and assume that v > 0. Since v ^ 0, we deduce from the maximum principle 
that v > 0. In addition, Equation ([19|) says that there exists an i such that a' = Xi(v). The only positive 
eigenfunctions are the ones associated to Ai and hence a' = Xi(v). By Proposition 12.41 there exists a 
function w solution of the following equation 

N-2„ 



LgW = \2(v)\v\ w. 



\J M wL g w dv g \ 
\Hv)\ 2 (l M \v\ iN - 2)x ^\M^ dv g ) 

^ dVg 
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By applying the Holder inequality with p 

f | v |(JV-2)x^ \ w \$a dv g = 

J M 



< 

Therefore 



since by assumption \\(v) = a' = a n + 2 , which gives a contradiction. 
Then v is a nodal solution of the equation 

L g v = a'\v\ N ~ 2 v, 

where a' < 0. Setting 

v := \a\ 4 , 
we obtain that u' is a solution of the equation 

T I I l\N — 1 I 

LgV = e\v | v 
with e = — 1 sign (A2 (<?)). This ends the proof of Theorem l4.1l 
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and q = ; we get 
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